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The propagation of light through a turbulent flow field around an aircraft results in optical distortions commonly
known as aero-optic effects. The development of methods to mitigate these effects requires large amounts of realis-
tic aero-optic data. However, methods for obtaining these data, including experiment, computational fluid dynam-
ics, and simple phase screen generation algorithms (e.g., boiling flow), each have significant drawbacks such as high
cost, high computation, limited quantity, and/or inaccurate statistics. More recently, data-driven algorithms have
been proposed that are computationally efficient and can synthesize aero-optic data to match the statistics of mea-
sured data, but these approaches still have drawbacks, including limited quality, inaccurate statistics, and the use
of complicated algorithms. In this paper, we introduce ReVAR (Re-whitened Vector AutoRegression), a data-driven
algorithm for generating synthetic aero-optic data that match the statistics of measured data. A key contribution in
this algorithm is long-range autoregression, a linear predictive model that combines a standard autoregression with
aset of low-pass filters of the data to fit both short-range and long-range temporal statistics. ReVAR uses long-range
AR together with a spatial re-whitening step to convert measured aero-optic data to temporally and spatially uncor-
related white noise. ReVAR can then generate synthetic aero-optic data by reversing this process using white noise
input. Using two measured turbulent boundary layer data sets, we demonstrate that ReVAR better matches the tem-
poral power spectrum and other key metrics of the measured data than do two conventional phase screen generation
methods and an existing single time-lag autoregressive model. © 2026 Optica Publishing Group under the terms of the
Optica Open Access Publishing Agreement
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1. INTRODUCTION However, obtaining large data sets of acro-optic phase screens
through physical experiments is expensive and time-intensive.

Aerodynamic turbulence around an aircraft can interfere with . .
First, supersonic wind tunnels can measure only very short

the accurate transmission or reception of light for purposes of
range finding or imaging. In particular, atmospheric density
variations near the aircraft lead to refractive index variations,
causing optical distortions [1-3] called aero-optic effects [4-6].
These effects are quantified as phase aberrations [1,7,8] and
can be measured by optical sensors [9-11] in both wind tunnel
experiments [12-14] and flight tests [15,16]. The resulting data,
called aero-optic phase screens, are used to develop predictive
control methods that augment adaptive-optic (AO) systems to
mitigate aero-optic effects [17-19]. Specifically, predictive con-
trol methods use acro-optic phase screen data to train algorithms
such as dynamic mode decomposition [17,18,20,21], neural
networks [22-24], and autoregressive (AR) models [19]. Thus,
large data sets of aero-optic phase screens are essential to provide
adequate training data for these algorithms.
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time series of aero-optic data [25-27]. In addition, wind tun-
nels can introduce nonphysical artifacts in the measured data
[28], are costly to run, and can simulate only limited aircraft
environments [15]. Likewise, generating in-flight data is also
expensive, time-intensive, and requires extensive planning and
coordination [15].

As an alternative to measured data, a variety of simula-
tion methods have been investigated to generate synthetic
aero-optic phase screens. Computational fluid dynamics
(CED) algorithms can simulate aero-optic phase aberrations
directly [29-31], but these algorithms face a strict trade-off
between physical relevance and computational efficiency [32].
Specifically, high-fidelity CFD is often computationally expen-
sive [1,33,34], while computationally cheaper low-fidelicy CFD
produces less realistic data [1,33]. In addition, because CFD
algorithms require physical parameters to be entered by a user,
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it is difficult to match CFD simulations to measured aero-optic
phase screens.

Other phase screen generation methods such as frozen flow
[35] and boiling flow [32,36,37] can also generate phase screen
data using the Kolmogorov theory of turbulence [38] and
the Taylor frozen-flow hypothesis [39]. These algorithms are
computationally inexpensive and can generate data using few
parameters. Further, Utley ¢t a/. [32] introduced an algorithm
to estimate these parameters from measured aero-optic phase
screens. However, because aero-optic effects do not follow the
Kolmogorov theory of turbulence [40,41], the phase screens
generated by these methods do not match the spatial statistics
of measured aero-optic phase screens [32,37]. Although Utley
et al. [32] introduce an anisotropic boiling flow algorithm that
generates phase screens that more closely match the spatial
correlations of aero-optic data, this model fails to match the
temporal power spectrum (TPS) of the measured data.

More recently, Vogel et al. [40] and Faghihi et al. [42] pro-
posed data-driven algorithms for generating aero-optic phase
screens that do not require the Kolmogorov theory of turbulence
and can directly estimate parameters from data. Vogel et al. [40]
propose a single time-lag vectorized AR model that directly
fits the spatial statistics of measured aero-optic phase screen
data using principal component analysis (PCA). However, this
approach is unable to model long-range temporal correlations.
Faghihi ez al. [42] applied a linear state-space model to the top
PCA coefficients of measured aero-optic phase screens. This
algorithm also does not fully capture long-range temporal cor-
relations, and it relies on a nonlinear estimation algorithm from
[43]. Further, it restricts the synthetic phase screens to a lower-
dimensional subset of fewer than 100 principal components,
which is not consistent with the behavior of physical data.

In this paper, we introduce ReVAR (Re-whitened Vector
AutoRegression), a data-driven algorithm for generating syn-
thetic data that matches the statistics of measured aero-optic
phase screens. ReVAR is computationally efficient for fitting
parameters to data and for generating synthetic data. A key
component of ReVAR is a linear predictive model that we call
long-range autoregression, which includes the following novel
contributions:

* A multiple time-lag AR model to generate synthetic aero-
optic phase screen data that matches high-frequency temporal
correlations of both the measured data and the streamwise slopes
of the measured data.

* Multiple low-pass filters used to augment this AR model in
order to match the long-range temporal correlations of the mea-
sured data.

Our experiments show that ReVAR has improved error metrics
and better matches the TPS of two measured turbulent bound-
ary layer (TBL) data sets [9] relative to isotropic and anisotropic
boiling flow [32,36] and to the single time-lag AR model pro-
posed by Vogel ez al. [40]. Further, ReVAR better matches the
structure function of the measured data than boiling flow and is
comparable to the single time-lag AR model.

This paper builds on previous work from [32,44]. An open-
source Python package implementing the ReVAR algorithm is
publicly available [45].
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2. ReVAR: ALGORITHM DESIGN

ReVAR takes a time series of measured aero-optic phase screens
as input and uses two steps, parameter estimation and data
synthesis, to generate synthetic phase screen data. The first step
estimates parameters @ of a discrete-time multivariate Gaussian
random process whose statistics are time-shift invariant. The
second step of ReVAR, data synthesis, uses the parameters 6 to
generate a sample of this random process. The resulting sample
has the same spatial and temporal statistics as the measured
aero-optic phase screens. We use the term synthetic aero-optic
phase screen data (or synthetic data for short) to describe this
generated data.

A. Parameter Estimation from Measured Data

Figure 1 shows the three steps of parameter estimation from
measured aero-optic phase screens: pre-processing, long-range
autoregression, and re-whitening. Here, we refer to the mea-
sured aero-optic phase screens as measured aero-optic data or
measured data for short.

* Pre-processing: Normalize the measured data by removing
its sample mean and standard deviation and then compute a spa-
tial principal component analysis (PCA) of the normalized data.
This step outputs the principal coefficients of the measured data.

* Long-range autoregression: Fit the temporal statistics of the
measured data by using the principal coefficients representation
to train a linear predictive model, which we call long-range
autoregression. This step outputs the time series of residuals of
the long-range AR model, which are temporally uncorrelated
but spatially correlated.

* Re-whitening: Fit the spatial statistics of the measured data
by computing a second spatial PCA from the residuals of the
long-range AR model. The output of this step is spatially and
temporally uncorrelated white noise.

These steps estimate parameters

6= (G £, (B AN @A), (e, e, D))
——— R 9
Long-Range AR

Pre-Processing Re-whitening

(1)
that determine the spatial and temporal statistics of a Gaussian
random process.

By taking white noise input and reversing these steps, we can
then generate synthetic data with the same statistics as the mea-
sured data.

1. Pre-processing

Before fitting the statistics of the measured data, we normalize
the spatial distribution of the data and reduce the spatial dimen-
sionality of the data. These steps (i) ensure that the parameters of
ReVAR do not depend on any units present in the measured data
and (ii) reduce computational expense in the linear predictive
model.

We first reshape the measured data images into vectors. We
denote the nth frame of the measured data by X™ € R"?,
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Fig. 1.

Parameter estimation from measured aero-optic data. This process estimates the parameters 6 of a multivariate Gaussian random process.

After normalizing by the time-averaged statistics through Eq. (2) and computing a spatial principal component analysis (PCA) through Egs. (3)—(5),
ReVAR trains a linear predictive model defined through Eq. (9), which we call long-range autoregression (AR); long-range AR uses the long-range
predictor of Eq. (7) (illustrated in Fig. 2). Finally, ReVAR takes the residuals of the long-range AR model and computes a second spatial PCA using
Eq. (11). Importantly, this converts the residuals to white noise through Eq. (12), so we can reverse this process with white noise input to generate syn-

thetic aero-optic data.

where N, is the number of pixels in each image. Here, the time-
index 7 takes values from 0 to N — 1, where N7 is the number
of time steps of measured data used for parameter estimation.

Data normalization: To remove units from the measured data
and normalize the data’s spatial distribution, we normalize by
the pixel-wise sample mean and standard deviation of the data,
fx, 6x € R . After computing these statistics, we take the
diagonal matrix Sy = diag(6x) and compute the normalized
nth frame as

X, =S5 (X7 — fuy). (Normalized Data) ~ (2)

Spatial dimensionality reduction: To reduce computational
expense in the linear predictive model, we first perform a spatial
PCA and restrict to a specified subset of components. To do
this, we use the normalized data to compute the spatial covari-
ance matrix R x» where for pixels 7 and j, the (7, j)th entry of
ﬁx is (1/Np) ), X,i X5, j. We then take the singular value
decomposition (SVD) of IQX:

Ry=EAET, (First Spatial PCA) (3)
where £, A e R™*N and the columns of £ are the
orthonormal principal components, with variance given by
the corresponding diagonal entry A ;of A. We then represent the
normalized data values using this basis of principal components.

Thisyields the principal coefficients [46,47] for the nth frame:

~ A

X,=F"X,. (Principal Coefficients) (4)
We define the prediction subspace as the span of the top N,
principal components that contain 99% of the normalized
data’s spatial variance and then project the principal coefficients
onto the prediction subspace:
X ff ) = Py, X, e RN, (Top N, Principal Coefficients)
(5)
Here, Py, € RNe*Np extracts the first N, components of the
vector X,.
This choice of prediction subspace allows the linear predictive
model to preserve the spatial statistics of the normalized data
while reducing computation time in synthetic data generation.

2. Long-Range Autoregression

In this section, we introduce long-range autoregression, which
uses two low-pass filters to capture long-range temporal effects
that are not captured by a standard AR model with fixed time
lags [48].

Appendix A describes the theoretical foundation of the long-
range AR model and compares long-range AR to the standard
vectorized AR model and to the autoregressive moving average
(ARMA) model. Importantly, long-range AR differs signifi-
cantly from ARMA in that ARMA applies a moving average to
the residual vectors &,, whereas long-range AR instead applies
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linear prediction to low-pass filters of the data itself and assumes
that the residuals of the model are temporally uncorrelated (for
further details, see Appendix A).

Long-range temporal effects: To capture long-range (or, equiv-
alently, low-frequency) temporal effects, we compute two causal
low-pass filters of the top V, principal coefficients X P,

YVin=0—0) Y, +a XD, (6)

where 7 € {1, 2} and Y¥;, =0 for n < 0. Each filter is a first-
order low-pass IIR filter (exponential moving average) with
transfer function H(z) =a;/(1 — (1 —a;)z!), unit DC
gain, and a single pole at z = 1 — o;, yielding an effective cutoff
frequency proportional to «;. We send these low-pass filters as
input to a linear predictor, as illustrated in Fig. 2. The values
a = (o, ) determine the cutoff frequencies, and therefore
bandwidths, of these low-pass filters. We estimate o by speci-
fying two cutoff frequencies and deriving the corresponding
values (¢, @2), as discussed in greater detail in Appendix B.

We use multiple low-pass filters with different cutoff frequen-
cies to increase the low-frequency resolution of long-range AR.
Since we represent low-frequency temporal corrections using
a basis of low-pass filters of the data, increasing the number of
basis elements allows us to increase the frequency resolution of
this representation. We found empirically that using two low-
pass filters was sufficient for capturing low-frequency temporal
effects for the data sets used in this paper, but the method could
be applied to any number of filters.

Next-state prediction: We combine the low-pass filters from
Eq. (6) with a standard vectorized autoregression to produce a
linear prediction of the next state from prior states. The use of
low-pass filters introduces long-range temporal correlations in
data generated by this linear next-state prediction, so we refer to
this predictor as a long-range predictor.

Long-Range Predictor

Low-Pass Filter 1
a; + —

a + —
Tr -1 z .
z Linear
1- .
— Predictor
Z—l
N { i
Z—l
[a]
Fig.2. Long-range predictor corresponding to Eq. (7). This predic-

tor takes in a time history of data and extracts two components: (i) the
previous /V; time steps and (ii) two low-pass filters of the entire time
series, computed through Eq. (6). The predictor then takes a linear
combination of these two components with weights 4 to estimate
the next time step. We use the low-pass filters to introduce long-range
(equivalently, low-frequency) temporal correlations in data generated
by this predictor without increasing the number of time lags /V; to
arbitrarily large values. We use two distinct low-pass filters to increase
the low-frequency resolution of this predictor.
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Figure 2 illustrates the long-range predictor. Given a value
N; > 1, called the number of time lags, this predictor is given by

N
% v ()
X, ()= Ax. X,
=1
[ —
AR Component

+ Ay Vo + Ay Yo

Low-Pass Filter Component

(Long-Range Predictor)

()

Here, A refers to the set of matrices Ay ¢ and Ay 1, Ay 2, called
the prediction weights. The AR component of Eq. (7) captures
and generates short-range temporal correlations, with the
specific range restricted by the value of N;. Incorporating a
low-pass filter component in this predictor allows us to capture
and generate long-range temporal correlations without increas-
ing Ny to arbitrarily large values. The form of Eq. (6) and the
one-step time delay of the low-pass filters in Eq. (7) ensure that
this long-range predictor is strictly causal, so that we can use
Eq. (7) to generate synthetic data.

To generate synthetic data using Eq. (7), we first need to esti-
mate the matrices A from the measured data. For this, we use a
least-squares fit from V;, to the end of the time series (/V7):

Np—1 5
A =arg;nin{ Z Hf(flp) _ )A(,,(A) H } (8)

n=N|

Here, X, is the long-range predictor from Eq. (7) and X (") are
the top NV, principal coefficients, which were computed through
Eq. (5). Details on our algorithm for solving Eq. (8), including
its computational expense, are discussed in Appendix C.

We note that computation of Eq. (7) is of complexity
O(NZ(NL + 2)) = O(N[2 NL) when assuming a fixed number
of low-pass filters. Hence, by applying linear prediction to the
top NN, principal coefficients X (") € R™ instead of the full
principal coefficient vectors X, € R, we reduce the compu-
tational expense of generating data using Eq. (7) by a factor of
N; / IN?.In the data presented below, this is more than a factor of
four.

Long-range AR model: We use the long-range predictor from
Eq. (7) together with additive noise to generate synthetic data.
Since the long-range predictor is restricted to the top N, com-
ponents, we first pad with zeros and then add noise. Hence, we
model the principal coefficients X,, from Eq. (4) as a long-range
AR process:

)~(n = Pja )A(n (A)+E&,, (Long-Range AR)  (9)
where X » is the long-range predictor of Eq. (7) and
P 15[ € RM >N pads with zeros. In the generation proc-
ess described by Eq. (9), the vectors &, are sampled from a
distribution that must be estimated from the measured data.

During parameter estimation, the £, appear as residuals of the

long-range AR model. We use the prediction weights A4 , as esti-
mated through Eq. (8), to compute these residuals as

£,(A) =X, — Pl X,(A). (10)
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Here, we use the notation &,(A) to emphasize the dependence
of the residuals on the prediction weights A.

Given the assumptions of the long-range AR model as in
Appendix A and the computation of 4 using a least-squares
fit, the residuals &, (21) are temporally uncorrelated [48,49].
However, they may be spatially correlated, which we address in
the next section.

3. Re-Whitening

Since the residuals &, (}1) computed through Eq. (10) may be
spatially correlated, we use a second spatial PCA to fully decor-
relate these residuals. That is, we take the residuals and compute
the sample mean vector fi¢, spatial covariance matrix 1A?g, and
SVD of R;:

lA?g = CA/ﬁ?g U, (Second Spatial PCA) (11)

Importantly, the time series of vectors
W) =507 (6,4 — e (12)

is spatially and temporally uncorrelated white noise [47]. For
this reason, we call the final step of parameter estimation
re-whitening.

4. Parameter Estimation Algorithm

The process we have outlined in Section 2.A converts the mea-
sured data X** to white noise through Eqs. (2), (4), (7), (10),
and (12). In more detail, ReVAR applies the following steps to
estimate the parameters 6 from Eq. (1):

1. Determine the sample mean and standard deviation vec-
tors (x, 0x) from data and normalize the data through
Eq. (2). This step estimates the normalization parameters
(fux, Ex)and outputs the normalized data X,.

2. Take the normalized data X,,, compute a spatial PCA as
in Eq. (3), and project the data onto the basis of principal
components through Egs. (4) and (5). This step estimates
the first spatial PCA parameters (£, A, N.) and outputs
the principal coefficients X,.

3. Take the principal coefficients X,, and estimate both the
low-pass filter parameters & using Appendix B and the
prediction weights A through Eq. (8). Then, compute
the residuals of the long-range AR model, &, (;1), through
Eq. (10). This step estimates the long-range AR parameters
(a, 121) and outputs the residuals €, (;l)

4. Take the residuals &, (}1) and compute the second spatial
PCA as in Eq. (11). This step estimates the second spatial
PCA parameters ({l¢, f]g, U) and can be used to convert
the residuals to white noise W, through Eq. (12).

Since this process converts the measured data to white noise,
we can then take white noise input and invert Eqs. (2), (4), (7),
(10), and (12) using the estimated parameters 6 to generate syn-
thetic data.

Research Article

B. Data Synthesis

Figure 3 illustrates the steps of ReVAR synthesis. This process
samples from a Gaussian random process with parameters
6 from Eq. (1) by taking white noise input and applying the
inverse of the transformation illustrated in Fig. 1. The inverse
transformation applies the following steps:

o Spatial-correlating: Inverse of re-whitening. Convert the
input white noise to spatially correlated noise using the second
spatial PCA. The output of this step is a time series of vectors
that has the same spatial statistics as the residuals of the linear
predictive model applied to the measured data from Eq. (10).

* Long-range AR synthesis: Inverse of AR analysis. Convert
the spatially correlated noise to temporally correlated data by
applying the linear predictive model. The output of this step has
the same statistics as the principal coefficients of the measured
data from Eq. (4). This step is the inverse of AR analysis from
Fig. 1.

* Post-processing: Inverse of pre-processing. Convert the
temporally correlated data to synthetic data images by inverting
the first spatial PCA and denormalizing the data. The output
of this process is a synthetic data set with the same spatial and
temporal statistics as the measured data.

In more detail, we can generate a time series of synthetic data
images with any length N, by inverting Eqs. (2), (4), (7), (10),
and (12). This data generation algorithm applies the following
steps:

1. Generate N, + NV, independent white noise vectors
W, e R™ for—N; <n< N,.

2. For1 < m < Nj, convert the white noise vectors W_,, into
“initial” principal coefficient vectors

XD = py AW, (13)

that have the same spatial statistics as the top N, principal
coefficients computed from measured data through Eq. (5).

3. Invert the second spatial PCA to convert the white noise W,
to spatially correlated noise &, for 0 < » < N, by modifying
Eq. (12) into

£,= US> W, + fig. (14)

4. Recursively apply the long-range predictor to compute
)A(,, (;1) for0 < n < N, using Egs. (6) and (7).

5. Apply long-range AR synthesis to compute synthetic princi-
pal coefficients X, for0<n <N, through Eq. (9).

6. Invert the first spatial PCA and data normalization to con-
vert X,, to synthetic data vectors X" for 0 < < N, by
combining Egs. (4) and (2):

XM=y EX, + fix. (Synthetic Data)  (15)

Reshape the synthetic data vectors X, " into single-channel

images.

The output of this process is a time series of /V; single-channel
images, each with the same size as the measured data images.
Note that since /V; is not specified, the synthetic time series can
have arbitrary duration.
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Fig.3. Diagram of ReVAR synthesis. This procedure samples from a multivariate Gaussian random process with the parameters 6 from Eq. (1) by
taking white noise input and applying the inverse of the transformation illustrated in Fig. 1 through Eqs. (14), (6), (7), (9), and (15). The synthetic

aero-optic phase screen data match the statistics of the measured data.

3. DATA AND METRICS

In this section, we describe the measured data along with the
metrics used to evaluate our method.

A. Measured Data

We evaluate our method using empirical optical path difference
(OPD) data [50], measured through a wind tunnel experiment
investigating a TBL. OPD is related to phase aberrations ¢ via
OPD = (A/2m)¢, where X is the wavelength of the detected
light waves [40]. Details on the experimental setup, data mea-
surement method using a Shack—Hartmann wavefront sensor
(SHWES), and post-processing can be found in [9,51] and
Section 5.2 of [32].

Table 1 lists details of the OPD images resulting from this
experiment. Here, the OPD data have units of microns, and N,
is determined by retaining 99% of the variance from the first
spatial PCA.

Table 1. Measured Data Sets F06 and F12

Data Set
Property F06 F12
Number of pixels, N, 735 380
Number of components, N, 264 182
Number of time steps, Ny 150,600 251,100
Sampling frequency, f; (kHz) 100 130

B. Quality Metrics

We evaluate each method using the temporal power spectrum
(TPS) applied to both the OPD and the streamwise slopes of the
OPD and using metrics applied to the root-mean-square (RMS)
amplitude and 2D structure function of the OPD.

The TPS of aero-optic data reveals the temporal frequencies
at which the aberrations are most concentrated. This infor-
mation is essential for training predictive control algorithms,
which aid AO correction in specific frequency ranges [52-54].
In fact, some researchers have used the TPS of aero-optic phase
aberrations to evaluate the accuracy of predictive control algo-
rithms [17,20,55]. Thus, we compute the TPS of the OPD data
(which we call the OPD TPS for short) and denote this quantity
by Sopp. In addition to the OPD, the streamwise slopes (i.e.,
the partial derivative of the OPD images in the x direction) are
related to the deflection angle 0., which is the quantity most
directly measured by the SHWES [9,56,57]. For this reason,
we also compute the TPS of these slopes (which we call the
slopes TPS) and denote this quantity by Sp,. We compute
these streamwise slopes using a discrete spatial gradient of the
OPD images along the x axis and estimate each TPS using the
approach described in Section 5.3 of [32].

In addition to the TPS, the RMS of aero-optic OPD data,
often called the OPD,y, describes the overall level of aero-optic
aberration [1,6,7], and the structure function Dopp evaluates
the spatial statistics of the acro-optic data. We compute OPD s
using an average over both space and time and estimate Dopp
using the method described in Section 4 of [32].
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We use the normalized root-mean-squared error (NRMSE)
to compare the TPS and structure function of the measured data
with those of the synthetic data. We use the notation NRMSE
(3, %) for the NRMSE between a quantity ¥ obtained from
synthetic data and a quantity y%* obtained from measured
data. Details on our normalization method and a formula for
NRMSE (¥, y%*%) can be found in Section 5.3 of [32].

We report the following errors, where we use the same naming
conventions as with (}, ydm):

* Slopes TPS error: NRMSE (3’9)” ngta).

* OPD TPS error: NRMSE (Sopp, S&%.).
e OPD,,, error:
The relative error |OPDrmS — OPD;{;I; | / OpDda

rms °

o Structure function error: NRMSE <\/ DOPD, \/ Dgaf,‘b).

Following the approach of [32], we take the square root of
Dopp. We use this scaling so that both the small and the
large structure function values influence the error metric
proportionally.

4. RESULTS

In this section, we show results from ReVAR applied to mea-
sured aero-optic phase screen data. In Section 4.B, we compare
ReVAR with other data-driven approaches. In Section 4.C,
we evaluate ReVAR with various values of N;. We evaluate
each method using the error metrics of the previous section. In
Section 4.D, we describe the computational advantages of using
a prediction subspace.

A. Parameter Estimation

We estimate the parameters of ReVAR, isotropic and anisotropic
boiling flow [32,36], and the single time-lag AR model from
Vogel et al. [40] from each data set FO6 and F12 from Table 1.
For both measured data sets (described in Section 3.A), we
used the first 80% of the time series for estimation and used the
remaining 20% for error evaluation. We used the methods from
[32] to estimate the parameters of isotropic and anisotropic
boiling flow, the method in [40] to estimate the parameters of
the single time-lag AR model, and the method described in
Section 2.Awith N; = 4 to estimate the parameters of ReVAR.

B. Data Generation Results

After estimating the parameters for each data set and each
method in Section 4.A, we generated corresponding synthetic
data. For both data sets, we used each method to generate 20
data sets, each with 20 times the samples of the 20% error evalu-
ation time series. We computed the errors from Section 3.B
using these generated data sets versus the 20% error evaluation
dataand then averaged over the 20 data sets.

Figure 4 and Table 2 show the TPS and structure function
results and list the corresponding error metrics for data set
F06. Here, we plot the slopes TPS as a function of frequency
f (kHz); plots of the pre-multiplied slopes TPS as a function
of Strouhal number can be found in Appendix D. ReVAR
closely matches the measured slopes and OPD TPS within
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4% NRMSE, while the remaining methods only match the
TPS within 7%-26% NRMSE. Most notably, ReVAR closely
matches the measured TPS at low frequencies, whereas the
remaining methods do not match the D.C. component of the
measured data. Correspondingly, ReVAR matches the OPD
with 0.13% relative error, while the remaining methods have
OPD, s relative errors between 1% and 13%. Lastly, Vogel’s
method and ReVAR both closely match the measured structure
function within 3.2% NRMSE. In contrast, both boiling flow
methods have structure function NRMSE exceeding 25%.
Isotropic boiling flow instead gives an isotropic fit to the mea-
sured structure function, while anisotropic boiling flow roughly
fits its contours.

Figure 5 and Table 3 show analogous results for data set F12.
Aswith Fig. 4, we plot the slopes TPS as a function of frequency
[ (kHz); the pre-multiplied slopes TPS as a function of Strouhal
number is plotted in Appendix D. Similar to the results for FO6,
ReVAR fits both TPS more closely than the remaining methods,
especially at low frequencies, and fits the structure function
comparably to Vogel’s method. Here, ReVAR has TPS NRMSE
below 2% and OPD,,, relative error below 0.1%, while the
remaining methods have TPS NRMSE between 5% and 12%
and OPD,,, relative errors between 0.8% and 4%. Further,
while ReVAR and Vogel’s method have structure function
NRMSE below 3%, both isotropic and anisotropic boiling
flow’s structure function NRMSE exceed 18%. However, we
note that Vogel’s method has a slightly lower structure function
NRMSE than ReVAR, even after averaging over 20 synthetic
data sets. This suggests that Vogel’s vectorized AR model
implementation, which predicts every vector component [40],
may model spatial statistics marginally better than ReVAR’s
implementation using a prediction subspace.

C. ReVAR Results as a Function of Number
of Lags, N,

In this section, we compare TPS NRMSE results from ReVAR
with different values of N7, where Ny is the number of time
lags used by the AR component of the long-range predictor in
Eq. (7). These results motivate our use of V;, = 4 in Section 4.B.

Specifically, we evaluate ReVAR with various /V;, values from
1 to 6 on both data sets FO6 and F12 from Table 1 using the
training and data generation methods described in Sections 4.A
and 4.B. Here, we use only the slopes and OPD TPS NRMSE
described in Section 3.B.

Figure 6 shows plots of the slopes and OPD TPS NRMSE
across different values of Ny . These results show that both TPS
NRMSE sharply decrease as N; increases from 1 to 4, indicating
a significant improvement in the TPS fit. However, there is
only a marginal improvement in the TPS fit as N, increases
from 4 to 6. For data set FO6, the OPD TPS NRMSE increases
slightly and the slopes TPS NRMSE remains relatively con-
stant as /Vy increases from 4 to 6. Further, for data set F12, the
OPD and slopes TPS NRMSE decrease by less than 0.4% and
1% NRMSE, respectively. Given the O(N;) computational
expense of training a long-range AR model from Eq. (C10) and
the marginal increase in accuracy when increasing /V; beyond 4,
we use /N7 = 4 for both measured data sets.
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Results from each method for data set FO6. First and second rows: Comparisons of the slopes and OPD TPS (respectively) obtained from the

measured data (green line with circular markers) and synthetic data (orange line with triangular markers), where OPD has units of microns. Boiling
flow and Vogel’s method both show a mismatch from the measured slopes and OPD TPS at frequencies below 30 and 5 kHz (respectively), while
ReVAR (red box) closely matches both measured TPS at all frequencies. 7hird row: Comparison of the 2D structure functions obtained from mea-
sured data (leftmost column) and synthetic data (second-fifth columns). Isotropic boiling flow does not match the anisotropic statistics of the mea-
sured structure function, and anisotropic boiling flow only roughly matches its contours, while Vogel’s method and ReVAR (red box) both closely

match the measured structure function.

Table 2. Error Metrics—Data Set FO6
Method
Isotropic Anisotropic
Boiling  Boiling  Vogel’s
Error Flow Flow Method ReVAR
Slopes TPS NRMSE (%) 8.35 26.86 8.27 3.75
OPD TPS NRMSE (%) 8.79 11.62 7.44 1.77
OPD,,, relative error (%) 1.28 13.17 1.36 0.13
Structure function 32.60 25.25 3.18 3.18
NRMSE (%)

D. ReVAR Generation Computational Expense
Results

In this section, we discuss the computational advantage of using
areduced subspace for data generation.

Recall that we define N, as the number of principal compo-
nents required to capture 99% of the normalized data’s spatial
variance. For data set FOG, the estimated subspace dimension
was N, = 264, compared to a full pixel count of N, =735. For
data set F12, N, =182, compared to N, = 380. Thus, the top
N; principal coefficient vectors X (7) (5) have less than half the
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Table 3. Error Metrics—Data Set F12
Method
Isotropic Anisotropic
Boiling  Boiling  Vogel’s

Error Flow Flow Method ReVAR
Slopes TPS NRMSE (%) 5.39 11.88 8.74 1.60
OPD TPS NRMSE (%) 11.64 12.56 9.50 1.70
OPD,,,, relative error (%) 0.85 4.05 1.00 0.05
Structure function 28.65 18.17 2.73 2.90

NRMSE (%)

Projecting the measured data onto this prediction subspace
significantly reduces the computational expense of data genera-
tion using a long-range AR model. Specifically, the long-range
predictor of Eq. (7) operates entirely within the prediction
subspace, applying linear prediction to only the top IV, principal
coefficients X fZP ), During data generation, evaluating Eq. (7)
requires several matrix—vector products that scale quadratically
with the vector dimensionality. Applying this predictor to
vectors of length N, rather than N, reduces the computational
expense of this synthesis step by a factor of 1\7; /N?, which is
more than four for both data sets.

This significant reduction in the computational expense of
long-range AR synthesis heavily outweighs the additional cal-
culations necessary for using the prediction subspace. Namely,
our ability to use this prediction subspace relies on the first
spatial PCA (3), which contributes an additional matrix—vector
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Ny for data set FOG6 (left) and data set F12 (right). Zop: OPD TPS NRMSE. Boztom: Slopes TPS NRMSE. For both data sets, the NRMSE values
decrease sharply from N, =1 to N; = 4 and then either decrease marginally or increase as /V; increases from 4 to 6. To balance this accuracy against
the O(Nz) computational expense from (C10), we use NV, = 4 for both data sets.

product Ej(n in Eq. (15). However, since we use IV =4 time
lags and two low-pass filters in Eq. (7), the long-range predic-
tor dominates the computational expense of data generation
through several matrix—vector products. Thus, reducing the
computational expense of Eq. (7) by more than a factor of four
absorbs the extra matrix—vector productin Eq. (15). Accounting
for this extra factor, using this prediction subspace reduces the
total computational expense of synthetic data generation by
more than a factor of two.

5. CONCLUSION

In this paper, we introduced a data-driven algorithm, ReVAR
(Re-whitened Vector AutoRegression), for generating syn-
thetic aero-optic phase screen data with statistics that closely
match those of measured aero-optic phase screens. ReVAR
generates this data computationally and does not encounter
the prohibitive monetary or computational expense associated
with wind tunnel experiments, flight tests, or computational
fluid dynamics simulations. Further, it results in more accurate
temporal statistics than existing data-driven approaches by
leveraging a long-range autoregressive (AR) model that fits
both short-range and long-range temporal correlations within
measured data.

We tested ReVAR on two measured turbulent boundary layer
data sets FO6 and F12 and compared the results with a single
time-lag AR model suggested by Vogel et al. [40] and two ver-
sions of a conventional phase screen generation method, boiling
flow [32,36]. Our experiments demonstrate the following

through Tables 2 and 3 and Figs. 4 and 5:

o Fit of temporal correlations: ReVAR closely matches the
temporal power spectra (TPS) of both the measured data and its
streamwise slopes. Across both data sets, ReVAR matched both
TPS within 4% NRMSE, while the TPS NRMSE of existing
methods ranged from roughly 5% to 27%. Further, ReVAR
captures the TPS at low frequencies much more closely than
these existing methods (see Figs. 4 and 5).

o Accuracy of overall variance: ReVAR matches the true
OPD, s of both measured data sets within 0.2% relative error.
In contrast, the OPD,y,; relative errors for existing methods
ranged from 0.8% to over 13.2%.

o Fit of spatial correlations: For both data sets, ReVAR
matches the structure function within roughly 3% NRMSE.
These results are comparable to Vogel’s method and superior to
both boiling flow models (which yielded NRMSE between 18%
and 33%).

Further, the results in Section 4.D indicate that ReVAR’s
use of a spatial prediction subspace reduces the computational
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expense of synthetic data generation by a factor of two for both
measured data sets FO6 and F12. Thus, ReVAR closely matches
the statistics of the measured data sets considered in this paper
while maintaining strict computational efficiency.

APPENDIX A: LONG-RANGE AR: THEORETICAL
FOUNDATION

In this section, we outline and distinguish standard AR models,
ARMA models, and the long-range AR model, particularly in
their ability to capture long-range temporal correlations. For
this, we consider a generic discrete-time multivariate Gaussian
random process X, in a general, purely autoregressive form:

X, =X, + &, (General AR Formulation) (A1)

Here, X,, is the linear prediction of X,, based on previous data
values and &, is temporally uncorrelated noise, which we think
of as the residuals of the prediction X,.

Standard AR: A standard AR model takes Eq. (Al) and
assumes that X, depends linearly on N, previous data val-
ues; the fixed value of NV is called the number of time lags
[48,49,58]. This results in the standard formulation for the
linear prediction in an AR process:

NL
X, = Z A X, e, (Standard AR Predictor)  (A2)
=1

where A are the matrices containing the weights of this linear
prediction. This predictor uses a finite number of prediction
weight matrices Ay, ..., Ay, , all independent of the time-
index 7; these can be estimated efficiently using a least-squares
fitto data.

However, the use of a fixed Ny restricts the temporal correla-
tion range captured by these models. One could increase N; to
capture a specified temporal range, but this increases both the
computational expense (see Appendix C) and number of predic-
tion weights, which then increases the variance of the estimators
of both the prediction weights A, and the linear prediction of
X, [48].

ARMA: An ARMA model uses the standard AR predictor
of Eq. (A2) for X 2 However, it relaxes the assumption that the
residuals &, of this prediction are temporally uncorrelated and
instead introduces a moving average of the past residual vectors
&, [48,58]. This results in the formulation

Nt
Xy=)  AcX,
=1

—_—
AR Component

N
+ ) Bib, i +E, (ARMA Formulation)

i=1
————
Residual MA

(A3)

where /Vy is the number of time lags as in the standard AR model
of Eq. (A2), and N is a finite number of moving averages.

The moving average component introduces a temporal
long-range dependence into the generation of X, but does not
directly relate the long-term temporal statistics of the generated
data to the next state prediction.

Long-range AR: To couple the distant past to the next state
prediction more directly, long-range AR incorporates a moving
average on the states rather than on the residuals. Each average
serves as a low-pass temporal filter that can be tuned to approxi-
mate a specified temporal frequency cutoff. In practice, we use
two filters but formulate more generally using N,,, where each
has the form

Yiooi=0—-a)Y;,

+o; X, 1. (Low-Pass Temporal Filter) (A4)

The parameter «; determines the temporal frequency
response of each filter and is estimated as in Appendix B. We
include these averages with the previous N; time lags to obtain
the next state prediction:

NL
Xn = Z Aanfk
=1

AR Component

Ny
+ Z B; Y 1 +E,. (Long-Range AR Formulation)
i=1

Low-Pass Filter

(A5)

Expanding ¥; ,—; in Eq. (A5) shows that X, depends on the
full range X, ..., X, rather than on only the previous IV,
states as in standard AR and ARMA. This structure allows long-
range AR to model long-range temporal correlations without
significantly increasing the computation time of training calcu-
lations. With V,, =2, only two additional prediction weight
matrices must be added to the least-squares fit. This provides
a time and memory efficient use of the entire time history to
predict the next state of the process.

APPENDIX B: ESTIMATING THE LOW-PASS
FILTER PARAMETERS «

To estimate e in Eq. (6), we specify the cutoff frequencies of the
associated low-pass filters Y; ,. We set the cutoff frequencies to
one and two orders of magnitude below the peak of the TPS of
the top N principal coefficients X and derive the weights &
thatyield these cutoff frequencies.

More precisely, we first find the peak frequency £ of the
TPS of the top N, principal coefficients X/ For this we use
the analytical structure of the amplitude spectrum for a TBL,
which increases from a value of zero at D.C. to a unique global
maximum [59]. We estimate the TPS of each vector component
(in units of energy per time step) using the approach of [35,60]
by applyinga Hamming window on multiple subsets of the time
samples and then averaging the resulting TPS estimates over
all components and subsets. Importantly, this procedure does
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not include the (temporal) sampling frequency of the measured
data, so the resulting peak location ﬁ has units of cycles per time
step.

Using techniques similar to [61], we find that by taking
@; =1 — exp(—27 f;), the amplitude of the transfer function
for Y; falls to 1/+/2 at the frequency w = 27 f; (from a value of
1 at w = 0), thus satisfying the commonly used definition of a
cutoff frequency for alow-pass filter.

Hence, we make a linear approximation to the exponential to
choose the values of & that result in approximate cutoff frequen-

cies £/10and £, /100:

. Znﬁ N 2nﬁ
V== ~l—exp<— - ) (B1)
&=L (B2)

APPENDIX C: LONG-RANGE PREDICTOR:
ESTIMATION OF PREDICTION WEIGHTS

Recall that the long-range predictor of Eq. (7) has the form

N
% v(P)
X,(A) = E Ax X,y + Ay 1 Vi1 + Ay Y0 1.
-l Low-Pass Filter Component
AR Component

(€1)

In this section, we describe the least-squares calculations
used to estimate the prediction weights A and report on the
computational expense of these calculations.

Least-squares calculations: To compute A through Eq. (8), we
estimate the rows of the matrices Ax ¢ and Ay ; independently
of one another, where Ax ¢ and Ay,; are the prediction weight
matrices associated with the £th lag and ith low-pass filter,
respectively. To do this, we consider a set of N, least-squares
problems, each of size N7 — Ny by N, x (N; + 2).

Here, we iterate over the top N, principal coefficients,
indexed by 0 < j < NN,. We denote the jth rows of the matrices
AX,( and Ay,l‘ by [AX,Z]]' € RN” and [AY’,‘]]' € RN[, respec-
tively. We can estimate the rows of these matrices independently
of one another since the principal coefficient vectors X, are
spatially uncorrelated at each time step [46,47]. This estimation
method is derived from the closed-form solution of A found
in [48].

Foreach 7, we define the following objects:

* First, we define a vector [X]; € RNr=NL containing the
time series of the jth principal coefficient, as computed from
training data:

(X1, = [[Xw,1; Xyl - [Xny]T - (C2)

Recall that /V;, is the number of time lags and V7 is the number
of time steps of training data. By iterating over the range V; <
n < N, we are taking the full data range (excluding the first N,
time steps).
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* Next, define a matrix Z € RV~ N)> (Ni(NL +2) contain-
ing time series of the top principal coefficients X () and low-pass
filters ¥; ,:

X 07 X1 ) eyl
X1 T )’ e

(XG0T XNy, 17 M=) [Yang—l”

(C3)

Each row of Z contains previous time steps of data that are
multiplied by the prediction weights to estimate the correspond-
ingvalue in the vector [X] ;- Here, we include ranges of X flp ) and
Y; , containing N7 — N time steps. Each column correspond-
ing to X'” contains a distinct, shifted temporal window of the
data.

e Last, define a vector Bj€ RNe(NL+2) containing the jth

rows of the (unknown) prediction weight matrices Ay,; and
A X,l:

B =[lAx.1)j -~ [Ax.n, 1, [Aval; [4ral;]" . (C4)
We solve for these prediction weights 8;.

Since there are many more data points than time lags, we obtain
the tall, thin least-squares problem

~

ﬁjzargmin{”[f(]j —ZB; ”2} (C5)
Bj

and solve this using a conventional least-squares algorithm
[62,63].

Recall that we associated each vector B; to the jth rows of the
matrices A x.¢ and A v.i- Thus, after computing the estimates
,BAJ through Eq. (C5), we use the ordering of the rows [Ax (];
and [Ay,;]; in Eq. (C4) to place these estimated values into the

A

matrices Ay ¢ and Ay, This s explicitly given by

[IZIX,Z]j,k =B, 1ce—1)x N +4+ (C6)

[Ay.i 10 = [Bj1—14N0)x N, +4- (C7)

Ifweenforce Ay 1 = Ay 2 = 0 (i.e., we use a standard vectorized
AR model with N, time lags), this is equivalent to the method of
directly computing A from [48].

Computational expense of training: Assuming that the number
of low-pass filters used by the long-range predictor is fixed at
two, the values (/V;, Nz ) determine the complexity of this com-

putation. Given the complexity of finding each solution ; in
Eq. (C5), which can be derived from [62,63], the complexity of
the full least-squares calculations (for all top principal coefficient
indices0 < j < NV,) is then

O(NrNJ (N +2)* + N/(N.+2)°)  (C8)

= O(NN; (Nr + N.Np)). (C9)

If the number of training time steps /N7 remains fixed, then the
complexity of computing 4 is
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O(N! ). (c10

Applying the long-range predictor of Eq. (7) to only the top
N, principal coefficients instead of all IV, principal coefficients
significantly reduces both the computational expense of the
least-squares calculations and the number of parameters of this
linear predictive model.

APPENDIX D: PRE-MULTIPLIED SLOPES TPS
PLOTS AS A FUNCTION OF STROUHAL
NUMBER

In this section, we show the slopes TPS results for both measured
data sets FO6 and F12 in a format more commonly used in the
aero-optics field.

Specifically, we plot the pre-multiplied slopes TPS, evalu-
ated as a function of the unit-less Strouhal number Sts. We
use the boundary layer thickness §* = 15.6 mm from [9,51]
and estimate the convective velocities to be U, = 172.37 m/s
for FO6 and U, = 160.26 m/s for F12. Further details on the
formulation of Sts and our methodology for computing U, can
be found in Appendix Cof [32].

Figure 7 shows the resulting power spectra from both data
sets and each method. The horizontal axes display the Strouhal
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number Sts on a logarithmic scale, and the vertical axes dis-
play the pre-multiplied TPS values Sts x Sp, (Sts) on a linear
scale. To prevent aliasing artifacts in these plots, we restrict the
Strouhal number values in these plots to a maximum of Sts = 3
and Sts = 2 for FO6 and F12, respectively. These pre-multiplied
TPS plots show a similar fit to the measured slopes TPS as the
unscaled results in Figs. 4 and 5.
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