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ABSTRACT. Aero-optic effects due to turbulence can reduce the effectiveness of transmitting
light waves to a distant target. Methods to compensate for turbulence typically rely
on realistic turbulence data, which can be generated by i) experiment, ii) high-fidelity
computational fluid dynamics (CFD), iii) low-fidelity CFD, and iv) autoregressive
methods. However, each of these methods has significant drawbacks, including
monetary and/or computational expense, limited quantity, inaccurate statistics, and
overall complexity. By contrast, the boiling flow algorithm is a simple, computation-
ally efficient model that can generate atmospheric phase screen data with only a
handful of parameters. However, boiling flow has not been widely used in aero-optic
applications, at least in part because some of these parameters, such as ry, are not
clearly defined for aero-optic data. In this paper, we demonstrate a method to use
the boiling flow algorithm to generate arbitrary length synthetic data to match the
statistics of measured aero-optic data. Importantly, we modify the standard boiling
flow method to generate anisotropic phase screens. Although this model does not
fully capture all statistics, it can be used to generate data that matches the temporal
power spectrum or the anisotropic 2D structure function, with the ability to trade
fidelity to one for fidelity to the other.
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1 Introduction

Atmospheric and aerodynamic turbulence distort light wave propagation, thereby reducing the
effectiveness of transmitting light waves to a distant target. In particular, both phenomena cause
refractive index variations'™ which lead to random phase aberrations.*® Here, we focus on the
phase aberrations induced by aerodynamic turbulence, which are called aero-optic phase aber-
rations. These spatially and temporally varying phase aberrations can be measured by optical
sensors,”” resulting in a time series of images called aero-optic phase screens. Modern methods
to mitigate these aberrations include algorithms such as dynamic mode decomposition,'*"?
machine learning,'*"'® and autoregressive modeling.!” However, each of these methods requires
long time series of aero-optic phase screen data to yield adequate training without overfitting in
these algorithms.

*Address all correspondence to Jeffrey W. Utley, utleyj@purdue.edu
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Measuring long sequences of aero-optic phase screens through experiment is expensive and
time-intensive,'® so a variety of simulation methods have been proposed as a less expensive
alternative. Computational fluid dynamics (CFD) can simulate an aerodynamic flow field,>*!
from which one can derive the resulting phase aberrations.”*?*> High-fidelity CFD can accurately
model the aerodynamic flow field around well-understood geometries****! but is very computa-
tionally expensive,>”>** whereas low-fidelity CFD simplifies the complex calculations involved,
but gives less accurate results.>>* By contrast, the autoregressive methods introduced by Vogel
et al.,” Utley et al.,”® and Faghihi et al.”’ are less computationally expensive and match the
statistics of measured aero-optic data. However, these methods use complex statistical models
with many unknown parameters.

Although not used previously for generating aero-optic phase screens, the simulation algo-
rithm called boiling flow®® is a computationally efficient algorithm for generating physically-
relevant atmospheric phase screens using only five parameters. Introduced in Srinath et al.,?®
boiling flow generalizes a simulation method using the Kolmogorov theory of turbulence'**%
and the Taylor frozen-flow hypothesis>>**=!. Boiling flow has become a common and well-
known method for generating atmospheric phase screens.*>** However, boiling flow depends
on physical parameters that follow from the Kolmogorov theory of turbulence and the Taylor
frozen-flow hypothesis. Moreover, boiling flow produces data with spatially isotropic correla-
tions. As aero-optic effects do not follow the Kolmogorov theory of turbulence’* and are
spatially anisotropic, this approach has not been used for aero-optic phase screen generation.

In this paper, we introduce a method to use the boiling flow algorithm to generate arbitrary
length, spatially anisotropic synthetic data to match the statistics of measured aero-optic data.
Our key contributions are as follows:

* Instead of interpreting boiling flow parameters as physical quantities, we introduce an
algorithm that estimates these parameters to fit the temporal power spectrum of measured
data.

* We introduce a new parameter y, to the boiling model to produce spatially anisotropic
synthetic data, which can be used to match the 2D structure function of measured data.

With the standard, isotropic form of boiling flow, our method matches the temporal power
spectrum (TPS) of measured aero-optic data within 5% to 12% normalized root-mean squared error
(NRMSE), but gives an inaccurate fit to the 2D phase structure function of this measured data,
with 28% to 33% NRMSE. With the new, anisotropic version of boiling flow, our method better fits
the 2D phase structure function, with NRMSE reduced to 18% to 26%, but gives a worse fit to the
measured TPS, with NRMSE increasing to 11% to 27%. Hence, the family of boiling flow models
parameterized by y can trade accuracy in TPS for accuracy in 2D structure function, but this model
is still unable to capture the full spatio-temporal statistics of measured aero-optic data.

This paper builds on previous work from Ref. 46. This paper uses the GitHub repository
“Boiling Flow,” linked in Ref. 47.

2 Overview of Boiling Flow

Figure 1 shows an outline of boiling flow as used in this paper. Boiling flow depends on physical
parameters that follow from the Kolmogorov theory of turbulence and the Taylor frozen-flow
hypothesis. These parameters include the wind velocity components (v,,v,), outer scale Ly,
Fried coherence length ry, and a flow-coefficient a. Further, here, we introduce an anisotropy
parameter y, to adjust the spatial correlation length scale for the y-axis separately from the x-axis.

The key idea of boiling flow, as described in greater detail in Ref. 28, is to represent a
sequence of phase screens in terms of two distinct components: boiling and flow.

Boiling is a random process with a specified power spectrum associated with Kolmogorov
turbulence. In practice, a boiling phase screen is generated in Fourier space following Ref. 29.
First define Ay = 1/(NA), where N is the number of pixels along a side in a square phase screen
and A is the spatial grid spacing in meters per pixel. Then, letting ©® denote element-wise multi-
plication, in Fourier space,

B, = Ap\/VykAsiLo.vo.19) © €,. (Boilingatstepn) (1)
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Fig. 1 Outline of the boiling flow algorithm as used in this paper. Starting with a time series of
measured phase screens ¢, our method estimates the boiling flow parameters and decomposes
the data into the weighted sum of a boiling component and a flow component. The method then
uses these components and the parameters to generate synthetic phase screens using boiling
flow. We introduce the parameter y, into the boiling model to produce spatially anisotropic
correlations.

Here, k is an array of two-component entries, with each component taking integer values from
—N/2to N/2 — 1. In addition, ¢, is a 2D-array of complex-valued white noise with variance 1 in
each component, and V, is the idealized Von Kdrman spatial power spectral density (PSD)
defined in Eq. (5), with input in cycles per meter. B, depends on Ly, y,, and r,, which determine
the PSD through V.

By contrast, flow is a purely convective term that translates a given phase screen according to
the velocity vector v = (v,, v,). Taking ¢, to be a phase screen in Fourier space at time-step
n — 1, this gives a translated screen at time-step n,

F,=e1027/N) o ¢ .. (Flowfromn — 1ton) ()

We use F instead of ¢ to indicate that this is the flow component only; this will be combined with
the boiling component in Eq. (3). As the flow is represented in Fourier space, the translation is
accomplished by multiplication. F,, depends on the flow velocity v.

Boiling flow uses an energy-preserving linear combination of these individual terms to
model a convective motion that evolves at each step to include the effects of boiling. This yields
the Fourier space representation of the phase screen at time step n as

¢p=V1—a’B,+aF,. (BoilingFlow) 3)

The scaling by a and v'1 —a? in Eq. (3) ensures that the spatial PSD of each phase screen
¢, € RV s the idealized PSD V.

Our generation algorithm starts with a random phase screen ¢, = B, and applies Eq. (3)
recursively, with the following modifications:

¢ First, to reduce the effect of periodicity arising from a circular Fast Fourier Transform
(FFT), we generate phase screens of size 4N X 4N and then extract the first N X N indices
from each over-sized screen.
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* Second, we remove tilt, tip, and piston (TTP) from each (restricted) phase screen
¢, € RVN_ This is a common practice for post-processing measured phase screen
data,”*** 5o this step improves the physical relevance of the synthetic phase screens.

This method provides a way to generate arbitrary-duration time series of physically-relevant
phase screens.

3 Boiling Flow Parameter Estimation

3.1 Parameter Estimation Background

Section 2 showed that the primary parameters of boiling flow are L, y,, and ry to describe
boiling, v, and v, to determine the flow velocity, and a to determine the ratio of the boiling
term to the flow term. Many applications of boiling flow select these parameters based on a
desired physical environment,’>***2%4142 where Ly, ry, and the magnitude of (v,,v,) are
derived from a combination of the Kolmogorov theory of turbulence’’>%! and the Taylor
frozen-flow hypothesis.*®> However, because aero-optic effects do not follow the Kolmogorov
theory of turbulence,”>* we need to develop and justify an approach to estimate these parameters
from measured aero-optic phase screen data.

Several existing algorithms designed for atmospheric turbulence could be used to estimate
(Ly, ry) from measured turbulence data. For example, Refs. 53-55 estimate (L, r) from the
spatial statistics of angle-of-arrival (AA) measurements. These methods are designed for AA
data with tip/tilt terms,”®>’ whereas TTP are generally removed from measured aero-optic
phase screen data,”***° which we consider here. In contrast, Refs. 57,58 introduce methods
to estimate these parameters from the Zernike coefficients of measured phase screen data.
However, both methods exclude the lowest-order Zernike coefficients from their estimation
algorithms, which are the modes most sensitive to L,.’**” Excluding these coefficients biases
the outer scale estimates to smaller values.’” In addition, Ref. 57 includes another method
that estimates (Lg, rq) from the spatial structure function of AA data. However, this method
uses a grid-search algorithm that considers only specific potential values of L. Schock et al.”’
further note that, given the weak dependence of the structure function on the outer scale,
this method results in “only a rough estimate” of L. Lastly, these methods are all designed
for spatially isotropic data and do not have a mechanism to account for the anisotropy
parameter y,,.

One existing method for estimating the velocity components (v,,v,) is Poyneer et al.,™!
which uses a heuristic grid search over velocity vectors. An extension of this method to estimate
a using the width of the temporal power spectrum (TPS) peak(s) is found in Refs. 28,35.
However, the basic method is designed for frozen flow with multiple wind layers rather than
the single layer setting considered here.

3.2 Overview of Parameter Estimation Procedure

We estimate the boiling flow parameters from a training data set containing a time series of
M x N images. We note that Eq. (3) is not linear in these parameters, so it is difficult to construct
a convex loss function that depends on all parameters. Instead, we estimate each parameter with
appropriate methods.

* We set L to the width (in meters) of the aperture.

* For the isotropic boiling model, we use per-frequency scaling by (7o(f))™>/? to match the
unit-scale Von Karman PSD? to the spatial PSD of the measured data, then average over
frequency to estimate the value of r, (in meters).

e For the anisotropic boiling model, we fix a value of y, (unitless), then estimate
ro = ro(yo) as above. Then we choose y, to minimize the mean-squared error between
the 2D structure function of the resulting boiling and the 2D structure function of
the data.

* We find the flow velocity v (in pixels per time-step) that maximizes the spatial cross-
correlation between TTP-removed frames at multiple time lags, while accounting for
the uncertainty induced by boiling.
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* We find the flow-coefficient a (unitless) by minimizing the mean-squared error in Fourier
space between the measured ¢, and the predicted flow aF,, obtained as in Eq. (2) by
flowing one time step starting from ¢,,_;.

A key challenge in the estimation of v is the tension between using a longer time lag to better
estimate the flow and the confounding effect of boiling, which decreases the correlation between
screens separated by long time lags. We describe this challenge and details of each estimation
procedure in further detail below.

3.3 Estimating the Boiling Parameters

Estimation of the boiling parameters L and rq begins with understanding their role in the boiling
model. The outer scale L is defined as the characteristic length scale of the largest eddies in a
turbulent flow.?>%% However, the effects of eddies larger than the aperture on measured phase
screen data are mostly tip/tilt terms.>®! Thus, these effects are minimal in TTP-removed phase
screen data, which is common for aero-optic data.”***° As we consider TTP-removed data,
eddies larger than the aperture will have an at most marginal influence on our estimation algo-
rithm and the metrics considered in this paper (these metrics are defined in Sec. 5.3). In addition,
in the case of isotropic turbulence, the Fried coherence length r, is defined as the diameter
over which the mean-squared phase error is at most one radian.”*>! However, aero-optic phase
aberrations are typically anisotropic,”>* and r, alone does not capture this anisotropy. Thus,
both parameters require adaptation to measured TTP-removed aero-optic data.

Figure 2, left, illustrates our algorithm for estimating the boiling parameters (L, ry) to fit an
isotropic model to the spatial PSD of the training data. Figure 2, right, describes our interpre-
tation of the Fried coherence length r in terms of the spatial PSD.

To estimate L, we note first that because turbulent eddies larger than the aperture mostly
result in tip/tilt aberrations instead of higher-order phase aberrations,” removing tip/tilt from
phase screen data significantly reduces the effects of large eddies. Further, Siegenthaler et al.*’
show that tip/tilt removal restricts the (temporal) period of phase aberration data to be at most the
aperture size; under the frozen-flow hypothesis, this period is proportional to the size of turbulent
eddies.”” Thus, we set I:O to the length of the aperture of the measured data, which is the upper
bound of the size of turbulent eddies that have a meaningful effect on the measured phase screen
data. In Appendix A, we show results from measured data across different values of L, which
indicate that our method has lower accuracy for L, values larger than the aperture.

To estimate r, in a way that generalizes to the anisotropic case, we consider the effect of
ro on the Von Kdrman PSD, which is commonly used to generate spatially isotropic random
phase screens.” As described more precisely below and illustrated in Fig. 2, we first do a

Ly = aperture length [meters]
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Fig. 2 Left: Estimation of the boiling parameters (Ly, ry). We set io to the aperture length in
meters. We then do per-frequency scaling by (ry(f))~%/3 of the unit-scale Von Karman PSD to
match the spatial PSD of the measured data. Then, we average over frequencies to obtain 7.
Right: Instead of regarding ry as a length scale, we interpret it as a scaling parameter for the spatial
PSD of phase screens. Smaller ri corresponds to larger variance of the phase screens.
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frequency-dependent scaling of the Von Karman PSD to match the spatial PSD of the measured
data, then average over frequency to estimate ry.

To extend this to the anisotropic case, we introduce a unitless parameter y, to modulate the
correlation length scale in the vertical direction independently from the horizontal direction.
More precisely, we incorporate y, through the function Q,, defined as

0.023
(F2+r0f3+ Lg%

Here, f € R? is the frequency vector (in cycles per meter) with components (f,, fy) in the
x- and y-directions, respectively. The anisotropic Von Kdrman PSD is then

3
Vi (Fs Loy 70, 10) = 10 Qg (fs Lo 7o), &)

where the standard (isotropic) Von Kédrman PSD is obtained by taking y, = 1. Equation (5)
shows that the value of r( determines the scale of the PSD of the phase screens; it thus determines
the variance of the phase screens. We estimate r, and y, by fitting Eq. (5) to the spatial PSD
of the measured data as described below.

Q4(f:Lo.7v0) = 4

The estimation of r, from data requires an estimate of the spatial PSD \A/f}feas(f ) of the mea-
sured data. For this, we use Welch’s method,®” in which we apply a 2D Hamming window to each
image ¢, then find the average over the magnitude-squared FFTs of each image ¢, with a 2D
Hamming window. We then set the resulting estimate f/geas (f) equal to the right-hand side of

Eq. (5) (with Ly = I:O) and solve for ry. Converting from frequency f to scaled indices kA,
this yields

B 3/5
~ p(KAf; Ly,
Fokds.vo) = (%) . (©)

In the isotropic case, 7o (kA s, yo = 1) should be constant, independent of k, although this is never
precisely true for measured data. In the anisotropic case, y, # 1 means that 7y(kA;,y,) varies
with k. Thus, for a fixed y,, we take an average over k to estimate ry as a function of y:

Fo(ro) = average{7(kAs.yo) k € K}, @)

where KC is a set of indices k = (k, k) that excludes the indices where ky = 0 or k; = 0 and
excludes the k,,, smallest and largest frequency bins along each axis. We exclude the zero indi-
ces because the zero frequencies are distorted by TTP removal, and we exclude the edge frequen-
cies because they can be contaminated by aliasing. The frequency cut-off k., is data-dependent.

Finally, we estimate y, by fitting to the 2D structure function of the measured data, which is
defined in Sec. 4. The level sets of the 2D structure function are elliptical, with eccentricity
varying with y,. Each value of 7, yields an estimate 74(y), which together yield a corresponding
2D structure function. Hence, we do a 1D optimization in y, to minimize the mean-squared
error between the structure function for this y; and the structure function of the measured data.
We take 7, to be the value that minimizes this error. If the measured data is assumed to be
isotropic, we choose 75 = 1.

3.4 Estimating the Flow Velocity

The velocity vector v = (v,, v,) gives the translation (or flow) in pixels from time step n — 1 to n
as in Eq. (2) (both assumed to be TTP-removed). After T time steps, we obtain a pixel shift of v,
which gives rise to a correlation peak between pixels ¢,_r(i — Tv) and ¢, (i), where i = (i,. i)
and we use interpolation for fractional pixel shifts. Thus, we can estimate v by locating corre-
lation peaks between ¢, and the T-step flow of ¢,_r. However, choosing 7 is difficult because
(1) small values of 7 may not give precise estimates due to numerical ill-conditioning and
(2) large values of T will include frames with significant boiling, leading to de-correlation with
the earlier frames. To mitigate this issue, we average the estimates over multiple values of T.

Figure 3, left, illustrates our estimation algorithm for v. For each time-shift 7', we find the
cross-correlation between frames at n — T and n as a function of v as
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Fig. 3 Left: Estimation of the flow velocity v. Given a time-lag T, we find v to maximize the
correlation between ¢, and Flow (¢,_7; Tv), then average v(T) over T between 1 and T -
Right: Uncertainty in the time-shift T. Small values of T yield imprecise estimates of the flow
velocity due to limited data and numerical ill-conditioning, whereas large T yield inaccurate
estimates due to the decorrelation induced by boiling.

RyiT) = 2| S04 1= T ®

where ¢, denotes the mean-subtracted ¢,, divided by its standard deviation, and we approximate
the expected value using an average over n (which we denote IA?W). We then take a maximum
over v to find

(T) = 5 X arg max R(ﬁ/(v; T). ©)
v

Finally, we average o(T) over T € {1,..., Ty, — 1}, where T, is chosen based on conditions
we describe next.

Figure 3, right, illustrates the considerations in choosing the value of T',,,. Small values of
Tnax may not yield a precise estimate due to limited data and numerical ill-conditioning.
Conversely, large values of T, may give inaccurate estimates because the cross-correlation
R, becomes contaminated by boiling. We thus determine 7', based on two criteria. First, note
that for sufficiently large values of T depending on the true value of v, the shift i — 7v will lie
outside the aperture for all i. In this case, the estimate qu (v; T) will not capture the correlations
induced by flow. Thus, we constrain

T < {N—”J (10)

-
|9l

where [[P|| ..« is the largest magnitude ||P(T)|| over all time-lags T, and N is the side length in
pixels. In addition, for large 7" depending on the rate of boiling, the boiling component may
obscure the correlations due to flow. To prevent this, we require that the signal-to-noise ratio
(SNR) of the estimate IA€¢/ (v;T) be at least 10 for each T. The resulting bound for T, is given
in Appendix B.

3.5 Estimating the Flow-Coefficient

The flow-coefficient a determines the effect of flow relative to boiling. From Eq. (3),
¢, = V1 —a’B, +aF, is a linear combination of boiling B, and the flow F, of ¢,_;. As
B, and ¢,_; are zero-mean Gaussians, which are independent of one another, the expected inner
product E[(B,,, F,)] is 0. Hence, we regard B, and F, as orthogonal vectors and project ¢, onto
the span of F, to estimate . This estimation of a is equivalent to finding @ to minimize the norm
of ¢, — aF,; we use this latter formulation because it is more amenable to incorporating all time
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Fig. 4 Estimation of the flow-coefficient «. The expected inner product between boiling B, and
flow F, is 0, so we estimate the flow-coefficient a by projecting the data onto the 1D span of F,.
In practice, we do this projection in Fourier space because F, is computed in Fourier space, and
we make use of all time steps n.

step simultaneously. We also do the calculation in Fourier space because the flow is performed
natively in Fourier space.

Figure 4 illustrates the geometric intuition for estimating a. In practice, we first estimate v as
above, then compute F, in Eq. (2) using FFTs of the measured data (assumed to be TTP-removed
as above). In addition, we remove TTP from F, and enforce conjugate-symmetry. We then find
the least-squares fit in Fourier space:

o= argznin{zygl | — aF,,HZ}. (11)

Here, N7 is the number of time steps of training data. As with estimating r,, we exclude any
frequency bins containing a zero frequency and the smallest and largest k,, frequency bins
along each axis to reduce the effects of TTP-removal and potential aliasing. Taking the derivative
with respect to a allows us to find @ using only two inner products.

4 Two-Dimensional Structure Function

In this section, we define the two-dimensional phase structure function. Given a separation vector
r € R?, the 2D phase structure function is given by

Dy(r) = E[(p(x +r1) = ¢(x))*], (12)

where ¢(x) is the phase error at grid location x = (x, y), and the expectation is over phase screens
¢. We assume that ¢ is spatially homogeneous (i.e., wide-sense stationary), so that Dy is not a
function of x and Eq. (12) is well-defined. The phase structure function has been widely used to
characterize the phase aberrations imposed by atmospheric turbulence.?>?*%

In the case of atmospheric turbulence, the phase structure function of Eq. (12) is well-
defined and depends only on the magnitude of r. Specifically, phase errors induced by atmos-
pheric turbulence are spatially isotropic in addition to being homogeneous.?** Further, the
Kolmogorov theory of turbulence is often applied to these atmospheric phase errors, resulting
in a simple, closed-form expression for this structure function.? For example, when assuming an
infinite outer scale Ly = oo, Eq. (12) follows the Kolmogorov fifth-third power law,

D,y(r) = 6.88 (M) " (13)

o

where r, is the Fried coherence length.* In this example, and in similar examples such as the Von
Karman structure function (when L is finite),”’ Eq. (13) is independent of the angle Zr and is
thus inherently a function of the one-dimensional separation distance ||r||.
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However, aero-optic phase errors may only be quasi-homogeneous and are often aniso-
tropic.?> For such phase errors that are not strictly homogeneous, Eq. (12) is not well-defined.
Further, for anisotropic phase errors, D, depends on the angle of r and the magnitude.®*** Thus,
for aero-optic phase errors, we use a quasi-homogeneous approximation and compute Eq. (12) as
a function of the two-dimensional separation vector r.

4.1 Estimation from Discrete Data

Although r is often presented as a continuous input with units of distance, we estimate the struc-
ture function from discrete data ¢, (i), where i = (i,, i,) lies in a discrete set of indices into the
2D array ¢,,. To avoid interpolation, we restrict r to vectors of the form (i; —i,)A, where A > 0 is
the pixel width in meters.

To estimate the structure function from aero-optic data, we first normalize a phase screen as
in the estimation of v to obtain ¢’. Using the approach of Ref. 25, we compute a quasi-
homogeneous structure matrix,

Dy (ir.iz) = 2(1 — E[p'(01)¢ (i2)]). (14)

where we use time-averages to approximate the expected value. Equation (14) does not require
that the phase errors are strictly homogeneous and instead only assumes that they are quasi-
homogeneous. Computing Eq. (14) instead of Eq. (12) thus compensates for potential hetero-
geneity within the aero-optic data.”®> As the expectation in Eq. (12) is unchanged after replacing
r with —r, we estimate the 2D phase structure function via

A

Dy(r) = average{b;},‘(il,iz): iy, satisfy(i; —ip)A = £r}. (15)

5 Data and Metrics

In this section, we describe the simulated and measured data along with the metrics used to
evaluate our parameter estimation methods.

5.1 Isotropic Simulated Data

We generate isotropic simulated data by choosing boiling flow parameters and then generating
data using Eqgs. (1)-(3). For each data set, we fix the outer scale L (equal to the aperture length),
Fried coherence length ry, anisotropy parameter y, = 1, vertical flow velocity component
vy, = 0, and temporal sampling rate f; = 100 kHz.

We investigate the effects of pixel width, flow velocity, and flow-coefficient by varying N,
vy, and «a for different data sets. We use physical flow rates of 17.2, 34.4, 68.8, 137.5 meters per
second and convert to pixels per time step as follows. With a fixed aperture width of L, meters,
the pixel width is given by A = L /N in meters per pixel, and so v, = (velocity inm/s)/(f,A)
in pixels per time step.

Table 1 shows the parameter values used to generate simulated data.

5.2 Measured Data

To evaluate results from measured data, we used two turbulent boundary layer (TBL) data sets
containing measured aero-optic phase aberrations obtained from a high-speed wind tunnel
experiment.”® In this experiment, the Mach number was M = 0.5 and the estimated boundary
layer thickness was 6* = 15.6 mm. The phase screen data were measured using a Shack-
Hartmann Wavefront Sensor, with TTP removed from the data.

Table 2 shows details of the resulting aero-optic phase screen data. Note that the image
dimensions M X N are not square. In addition, a subset of pixels near the boundary had no data.
Therefore, we generated boiling flow data with dimension max{M, N} and applied a mask to
match the largest inscribed square containing valid data. As the measured data showed contami-
nation at low temporal frequencies (i.e., sharp peaks at frequencies below 1 kHz, possibly due to
vibrations), we preprocessed both measured data sets to remove these additional signals;
Appendix C describes this process.
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Table 1 Ground-truth parameters of isotropic simulated data. Note that each line for v, corre-
sponds to physical flow velocities 17.2, 34.4, 68.8, 137.5 in meters per second.

Fixed parameters

Aperture width Fried param. Anisotropy param. Vertical vel. Temp. sampling rate

Ly = 44 mm ro =4.4 mm 7o =1 v,=0 fs =100 kHz

Variable parameters

Ima?ve (g:Te?Q)Slon ( pi)ljeletl)\sN p\;erkt)i(r:’::g-gtxe o) Flow-coefficient a (unitless)
20 0.08, 0.16, 0.31, 0.63
32 0.13, 0.25, 0.5, 1.0 0.1,0.3,0.5,0.7, 0.9
64 0.25, 0.5, 1.0, 2.0

Table 2 Measured data sets FO6 and F12.

Fo6 F12
Image dimension M x N 25 x 34 21 x22
Largest inscribed square length (pixels) 22 18
Pixel spacing A (mm) 1.43 2.24
Sampling frequency f (kHz) 100 130

5.3 Quality Metrics

We evaluate our parameter fitting method using the temporal power spectrum (TPS) and the 2D
structure function. We compute the TPS of the phase screens themselves and of the spatial finite
difference of the phase screens in the x-direction (i.e., the deflection angle 6,7#%®). For a phase
screen ¢, we call these Sy and S , respectively. We estimate the TPS of each pixel (in units of
energy per second) using the approach of Refs. 31,67 by applying a Hamming window on multi-
ple subsets of the time samples and then averaging the resulting TPS estimates over all pixels and
subsets. We compute the 2D structure function D, using the approach outlined in Sec. 4.1.

To evaluate the accuracy of parameter estimation for v, and a, we plot the relative errors
I’ =v||/|lv|]l and |& — a|/|al|, and we report the relative error for ry.

To measure the statistics of generated data compared with given data, we use NRMSE. Here,
the normalization is given by dividing by Pys(y) — Ps(y), where P,,(y) denotes the mth percen-
tile of data y. Specifically, given two arrays y,y%® € RX, we define

data H )

L ly—
NRMSE(y, ) — oz (16)

- P95 (ydmla )_PS (ydmla) ’

where || - ||, is the vector L, norm.

We report the following errors, where in each case a superscript “data” indicates values
obtained using the simulated or measured data, and a hat indicates values obtained from
generated data using estimated parameters.

* Flow TPS error: NRMSE(S), . $§2).
* Phase TPS error: NRMSE(S,, S44).
* Structure function error: NRMSE(UI%, \/ DF™).

We take the square root of Dy to more evenly weight the large and small values of the
structure function.
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6 Results

In this section, we show results from the parameter estimation algorithm described in Sec. 3
applied to both isotropic simulated data and anisotropic measured aero-optic data. For all experi-
ments, we used the frequency bin cut-off k,,, = 2 when estimating r, and @. We evaluate our
method using the error metrics of the previous section.

6.1 Results from Isotropic Simulated Data

For each choice of ground-truth parameters, we generated ten independent, 10K time-step
“ground-truth” isotropic boiling flow data sets for parameter estimation and an additional
50 K time-step data set for error evaluation. For each of these ten generated data sets, we applied
our estimation algorithm for isotropic phase screens (i.e., setting 7, = 1) and then used the result-
ing parameter estimates to generate 50 K-time-step boiling flow data sets. We computed the
errors from Sec. 5.3 using this generated 50 K data set along with the 50 K evaluation data,
then averaged over the ten data sets.

6.1.1 Parameter estimation results

Figure 5, top, plots the relative error ||» —v||/||v|| of the flow velocity estimates as a function of
various ground-truth values of v, and a. Our velocity estimates are generally more accurate for
larger ground-truth values of a (less boiling relative to flow) and larger ground-truth flow veloc-
ities (larger pixel displacements per time step); there is also a small improvement in the estimates

Flow Velocity v Relative Error

Image Size 20 x 20 Image Size 32 x 32 Image Size 64 x 64

~&— Flow Speed 17.19 [m/s]
4 Flow Speed 34.38 [m/s]

’5 \ —&— Flow Speed 68.75 [m/s]
= — —&— Flow Speed 137.50 [m/s]
W 0% \
(0]
= 4
- &
o
0] \
o4
2 \*/.\Q\‘
1%
0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
Ground-Truth a Ground-Truth a Ground-Truth a
Flow-Coefficient a Relative Error
Image Size 20 x 20 Image Size 32 x 32 Image Size 64 x 64

| 98 \
o
5 1%
(0]
=
5
c
()
[~
<]

0.1%

0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
Ground-Truth a Ground-Truth a Ground-Truth a

Fig. 5 Top: Relative errors of the flow velocity estimates for various image sizes, ground-truth
values of a (horizontal axis), and physical velocity (color). Here, “image size” refers to the number
of pixels along each spatial axis. Note that the errors are generally smallest for (1) large ground-
truth values of «a (less boiling relative to flow), (2) large ground-truth flow speeds (larger pixel dis-
placements per time step), and (3) large images. The errors are below 10% in the majority of cases.
Bottom: Relative errors of the flow-coefficient estimates a for various image sizes and ground-truth
values of a. Note that the errors are smallest for large ground-truth values of a (less boiling relative
to flow) and are slightly lower for larger image sizes. Importantly, the errors remain below 4% in
all cases.
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for larger images. Although the errors can exceed 30% in the edge case that N = 20 and the
ground-truth « is 0.1, the errors remain below 10% in the majority of cases.

Figure 5, bottom, plots the relative error |@ — a|/|a| of the flow-coefficient estimates & as a
function of the ground-truth a. This error showed little dependence on ground-truth flow speeds,
so we averaged the errors over all ground-truth v,. The estimates @ are significantly more accu-
rate for larger ground-truth values of @. However, there is only a marginal improvement in accu-
racy for larger images. The errors remain below 1% in most cases and rise to 2% to 3% only when
the ground-truth « is 0.1.

The accuracy of the estimate 7, depends only on the image size (i.e., the number of pixels N
along each spatial axis). Different ground truth velocities and flow-coefficients @ do not modify
the spatial PSD estimate of data with sufficiently many time steps, so the estimate 7, does not
vary significantly across different ground-truth values of v, and a. The average relative errors of
the r, estimates were 3.8%, 1.9%, and 1.1% for N = 20, 32, and 64, respectively. Thus, the
accuracy of the estimates increases significantly with larger image sizes, but the errors remain
below 4% in all cases.

6.1.2 Simulated data TPS and structure function errors

Figure 6, top, plots the flow TPS error for various ground-truth values of «, physical flow veloc-
ities, and image sizes. The flow TPS errors decrease significantly with larger ground-truth values
of a and also decrease significantly with larger images. This is consistent with the observation
that the estimate of & improves with larger a and that the estimates of both 7, and & improve with
larger images. However, although the flow TPS is sensitive to changes in the flow velocity, small

Flow TPS Error
Image Size 20 x 20 Image Size 32 x 32 Image Size 64 x 64

10%

w
[7p]
=
o4
=
—&— Flow Speed 17.19 [m/s]
4 Flow Speed 34.38 [m/s]
1% & Flow Speed 68.75 [m/s]
& Flow Speed 137.50 [m/s]
0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
Ground-Truth a Ground-Truth a Ground-Truth a
Phase TPS Error
Image Size 20 x 20 Image Size 32 x 32 Image Size 64 x 64
10%
w
0
=
ﬂZi e
— . e

1% ———#
0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 09 0.1 0.3 0.5 0.7 0.9

Ground-Truth a Ground-Truth a Ground-Truth a

Fig. 6 Top: Flow temporal power spectrum (TPS) NRMSE using simulated data for various image
sizes, ground-truth values of a (horizontal axis), and ground truth velocity (color). Here, “image
size” refers to the number of pixels along each spatial axis. Note that the errors are smallest for
(1) larger images, (2) larger ground-truth values of «, and (3) smaller ground-truth velocities.
Although the errors can exceed 20% when a = 0.1, they remain below 10% when « >0.1.
Bottom: Phase temporal power spectrum (TPS) NRMSE for various ground-truth values of a.
The errors are smallest for larger images and larger ground-truth values of «, and they exceed
10% only in the edge case with 20 x 20 images and a = 0.1.
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errors in the estimate v can cause large flow TPS errors. As a result, even though the relative error
in v decreases with larger ground truth velocities, the absolute error increases, and so the flow
TPS errors also increase with larger flow speeds. Despite this, the errors exceed 10% only when
the ground-truth a is 0.1, and they remain below 8% when a > 0.1.

Figure 6, bottom, plots the phase TPS errors for various ground-truth values of a. Unlike the
flow TPS, the phase TPS has only weak dependence on the flow velocity, so we average over
velocity and plot as a function of a alone. As with the errors of the estimates 7, and @, the phase
TPS error decreases for larger images and larger ground-truth values of a. Specifically, the errors
exceed 10% only in the edge case that N = 20 and the ground-truth « is 0.1.

The structure function NRMSE as defined in Sec. 5.3 depends at most weakly on the
ground-truth values of @ or velocity because the estimate [Eq. (15)] averages over time and boil-
ing flow generates temporally stationary data. Averaging over everything except image size (i.e.,
the number of pixels N along each spatial axis), the average structure function NRMSE values
were below 1.2% for each image size, with the error varying only marginally as a function of
image size.

6.1.3 Simulated data TPS and structure function examples

Figures 7 and 8 show the TPS and structure function results for simulated data with N = 64
(pixels) and a ground truth velocity of 137.5 (m/s). Figure 7 evaluates simulated data with
a = 0.9 and Fig. 8§ evaluates data with @ = 0.3. With a = 0.9, the estimated TPS and structure
function both closely match the reference TPS and structure function. With a = 0.3, although the
estimated structure function still closely matches the reference structure function, the estimated
TPS matches the reference TPS less closely than the previous case (with a = 0.9).

Simulated Data (a = 0.9): Temporal Power Spectrum

— Flow TPS: Sp, —_ Phase TPS: Sy
35 =
S 7 “q‘ «— Input Data: 5§ — 15 q" —+— Input Data: S§°t@
¢ 30§ % _ — 3 .
= 4 % v Estimated: Sg, < H *— Estimated: S,
225 o 1.0
3 I} 2 \
L o20 3 2
e ? < 05
S 15 s
0.0
0 10 20 30 40 50 0 10 20 30 40 50
f [kHz] f [kHz]
Simulated Data (a = 0.9): Structure Function
Input Data: Dg** Estimated: Dy Error: |D§?" — Dy|
0.03
50 ' ‘ " ‘ 2.0 50
25 ‘ 15 25 0.02
L. » ;
1.0
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Fig. 7 Isotropic estimation from simulated data with « = 0.9 (little boiling). Top: Comparisons of
power spectra obtained from input data (green) and from isotropic boiling flow data using estimated
parameters (red). The input data have image size 64 x 64 (pixels) and flow speed v, = 137.5
(m/s). The estimated TPS closely matches the reference TPS for both flow, S, , and phase,
S,. Bottom, left: Comparison of the structure functions [Eq. (15)] obtained from input data (left)
and data using estimated parameters (right). Bottom, right: The absolute error between the struc-
ture function of the input data and that of the data using estimated parameters. The image size,
flow speed, and a are the same as the top figure. The estimated structure function closely matches
the reference structure function.
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Simulated Data (a = 0.3): Temporal Power Spectrum
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Fig. 8 Results analogous to Fig. 7 but for simulated data with @ = 0.3 (significant boiling). Here,
the estimated structure function closely matches the reference structure function, but the estimated
power spectra match the reference power spectra less closely than in Fig. 7.

6.2 Results from Measured Data

We applied our parameter estimation algorithm to each data set FO6 and F12 from Table 2. We
used the first 80% of each measured time series for estimation and used the remaining 20% for
error evaluation. For each data set, we estimated boiling flow parameters using both standard
isotropic boiling flow (7, = 1) and our newly introduced anisotropic boiling flow (¥, estimated
from data). We then used these parameter estimates to generate 10 isotropic and anisotropic data
sets, each with ten times the samples of the evaluation time series. We computed the errors from
Sec. 5.3 using these generated data sets versus the 20% error evaluation data, then averaged over
the 10 data sets.

The results we report here use the estimation algorithm described in Sec. 3, where we set io
to the aperture size. In Appendix A, we show NRMSE results across different values of Lj,.

6.2.1 /sotropic estimation

Table 3 shows the parameter estimates obtained using isotropic boiling flow to fit each measured
data set. The large values of a indicate that the measured data sets are dominated by flow and
have minimal boiling. Further, the flow velocity estimates ¥ show that each flow is streamwise
along the x-axis and varies by a factor of 2 between data sets FO6 and F12.

Figure 9 shows the TPS and structure function results for measured data sets FO6 and F12,
again using isotropic boiling flow. Here, we plot the flow TPS as a function of frequency f [kHz];
plots of the pre-multiplied flow TPS as a function of Strouhal number can be found in

Table 3 Parameter estimates from measured data — isotropic boiling flow.

Parameter
Data set Ly (mm) fo (mm) v (pixels per time-step) a
F06 48.62 144.26 (1.20, —0.02) 0.96
F12 49.28 141.78 (0.55, —0.01) 0.95
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FO06: Temporal Power Spectrum, Isotropic Fit
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Fig. 9 Isotropic estimation from measured data. Top: Comparisons of power spectra obtained
from measured data set FO6 (green) and from isotropic boiling flow data using estimated param-
eters (red). The estimated flow TPS at top left matches the measured TPS reasonably well outside
an underestimate in 5 to 25 kHz, while the estimated phase TPS at the top right matches at all but
the lowest frequencies. Second row, left: Comparison of the 2D structure functions [Eq. (15)]
obtained from measured data set FO6 (left) and from isotropic boiling flow data using estimated
parameters (right). Second row, right: the absolute error between the structure function of the mea-
sured data and that of the isotropic boiling flow data. The estimated structure function gives an
isotropic fit to the measured structure function but does not match its anisotropic statistics. Third
row: Results analogous to the top row but for data set F12. Again, the TPS fit is good except for
some mid-range frequencies for the flow TPS and low frequencies for the phase TPS. Not shown:
The structure function for F12 from estimated isotropic data shows a similar mismatch as for FO6.

Appendix D. In each case, the estimated flow TPS closely matches the flow TPS of the measured
data. Further, the estimated phase TPS closely matches the measured phase TPS at frequencies
above 10 kHz. As the measured data is highly convective, the isotropic boiling flow model (with
accurate estimates of both the flow velocity v and flow-coefficient &) can reasonably match the
temporal statistics of both the phase screens and the slopes of the phase screens in the streamwise
direction. However, the contours of the estimated structure function are roughly circular, whereas
the contours of the measured structure function are roughly elliptical.

Table 4 shows the error metrics for each data set under the isotropic boiling flow approxi-
mation. Our parameter estimation algorithm for isotropic phase screens matches the flow and
phase TPS of the measured aero-optic data within 5% to 12% NRMSE but has roughly 30%
NRMSE for the 2D structure function. Thus, isotropic boiling flow captures the temporal statistics
of the data reasonably well both visually and quantitatively, but does not capture the anisotropic
spatial correlations of aero-optic phase screen data.
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Table 4 Error metrics from measured data — isotropic boiling flow.

Data set
NRMSE (%) Fo6 F12
Flow TPS 8.36 5.40
Phase TPS 8.78 11.67
Structure function 32.64 28.60

6.2.2 Anisotropic estimation

Table 5 shows the parameter estimates obtained using anisotropic boiling flow to fit each mea-
sured data set. As the anisotropic and isotropic parameter estimation algorithms differ only in the
estimation of r and y,, the estimates of L, v, and a are identical to those in Table 3. The low
values of 7, indicate that the spatial correlation length scale is much smaller in the y-axis than in
the x-axis for both measured data sets. Further, although the algorithm for estimating r, depends
on the value of 7, the resulting 7, values for anisotropic boiling flow vary significantly from the
estimates for isotropic boiling flow.

Figures 10 and 11 show the TPS and structure function results for measured data sets FO6
and F12, respectively, again using anisotropic boiling flow. As with Fig. 9, we plot the flow TPS
as a function of frequency f [kHz]; the pre-multiplied flow TPS as a function of Strouhal number
is plotted in Appendix D. In this case, neither the estimated flow TPS nor the estimated phase
TPS matches the measured TPS as closely as isotropic boiling flow. However, the estimated
structure functions more closely match the measured structure functions for both data sets, espe-
cially at low separation distances. Specifically, the elliptical contours of the estimated structure
function more closely match those of the measured structure function. This suggests that aniso-
tropic boiling flow captures the anisotropic spatial correlations of aero-optic phase screen data
but does not match the TPS.

Table 6 shows the error metrics for each data set using anisotropic boiling flow. We first note
that our parameter estimation algorithm for anisotropic phase screens has 11% to 27% NRMSE
for the flow and phase TPS, significantly larger than isotropic boiling flow. However, it has a
structural function NRMSE between 18% and 26%, much lower than that of isotropic boiling
flow. Thus, although anisotropic boiling flow does not match the temporal statistics of the mea-
sured data, it matches the structure function more closely than isotropic boiling flow and better
captures the anisotropic spatial correlations of the aero-optic data.

These structure function results indicate that the introduction of y in the anisotropic boiling
flow model accounts for different correlation length scales between the x- and y-axes but is not
sufficient to fully capture the spatial correlations of aero-optic phase errors. Specifically, although
we fix L as the aperture size and determine r, as a function of y,, this is effectively a one-
parameter family to model anisotropy, which limits the model’s ability to approximate more
general structure functions arising from measured data.

Moreover, comparing Tables 4 and 6 indicates a trade-off between better fit to spatial sta-
tistics and better fit to temporal statistics. This can be explained by noting that the effect of

A=5/37=1/2
0

(79, 70) on TPS can be approximated as a scaling by 7,7, at low frequencies. As 7y is

Table 5 Parameter estimates from measured data - anisotropic

boiling flow.
Parameter
Data set Fo (mm) 7o Lo v a
F06 320.46 0.18
Same as Table 3
F12 235.60 0.31
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Fig. 10 Anisotropic estimation from measured data. Top: Comparisons of power spectra obtained
from measured data set FO6 (green) and from anisotropic boiling flow data using estimated param-
eters (red). The estimated TPS matches the reference TPS for both flow, S, , and phase, S,, at
high frequencies but does not match either reference TPS at low and mid-range frequencies.
Bottom, left: Comparison of the structure functions [Eq. (15)] obtained from measured data set
F06 (left) and from anisotropic boiling flow data using estimated parameters (right). Bottom, right:
The absolute error between the structure function of the measured data and that of the anisotropic
boiling flow data. The estimated structure function matches the reference structure function,
D, better than the isotropic estimates in Fig. 9.
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Fig. 11 Results analogous to Fig. 10 but for data set F12.
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Table 6 Error metrics from measured data - anisotropic boiling

flow.

Data set
NRMSE (%) F06 F12
Flow TPS 26.10 12.27
Phase TPS 11.28 12.67
Structure Function 25.25 18.23

FO6: Scalar Metrics as a Function of yg

TPS NRMSE Structure Function NRMSE
25% —e— Flow TPS: S, 32%
. Phase TPS: S,
% 20% % 30%
z z
=z 15% = 28%
10% 26%
A J
0.20 0.36 0.52 0.68 0.84 1.00 0.20 0.36 0.52 0.68 0.84 1.00
Anisotropy Parameter y, Anisotropy Parameter yq

Fig. 12 Results from measured data set FO6 as a function of the anisotropy parameter y,, ranging
from the estimated 7, = 0.18 to the isotropic value yy = 1. Left: Flow and phase TPS NRMSE.
Right: Structure function NRMSE. The NRMSE for TPS decreases as a function of yq, while the
structure function NRMSE increases, both approximately linearly. These results indicate a trade-
off between fitting the structure function and fitting the TPS as a function of y,.

a function of y,, this scaling is also a function of y,, leading to poorer TPS fits when y is chosen
for the best fit to the 2D structure function.

Figure 12 illustrates the trade-off between TPS and structure function NRMSE as a function
of yy, from the estimated 7, = 0.18 to the isotropic yo = 1. Both the flow and phase TPS
NRMSE decrease as a function of y,, while the structure function NRMSE increases, both
approximately linearly. Thus, y, can be tuned to better fit either the structure function or the
TPS of measured data but not both simultaneously. Results for F12 (not shown) display a very
similar trade-off.

7 Conclusion

In this paper, we introduced a method for applying a well-known atmospheric phase screen
generation method, boiling flow, to aero-optic phase screen generation. We (1) introduced an
algorithm for estimating the parameters of boiling flow from measured phase screen data and
(2) generalized boiling flow to generate spatially anisotropic phase screens. This method can
generate arbitrary-duration time series of spatially isotropic or anisotropic aero-optic phase
screens using few parameters, offering a less expensive approach than physical experiments or
computational fluid dynamics simulations.

We tested this method on both isotropic simulated boiling flow data with known parameter
values and anisotropic measured aero-optic data.” For simulated isotropic data, our method accu-
rately captures the flow and phase TPS as well as the 2D structure function, with better estimates
for convection-dominated data. For measured (anisotropic) data, the isotropic model accurately
captures the flow and phase TPS but does not match the 2D structure function. Our newly defined
anisotropic model better fits the 2D structure function, but at the cost of degraded fit to TPS. This
trade-off is a consequence of the use of a single parameter, y,, to capture anisotropy, with the
trade-off roughly linear in y,. Hence, our method is a computationally efficient approach to gen-
erate anisotropic boiling flow data with good TPS match to data, but the full spatio-temporal
complexity of aero-optic data is not fully captured by this simple anisotropic extension.
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Fig. 13 TPS and structure function NRMSE as a function of outer scale values L, for dataset F06
and for both isotropic (blue) and anisotropic (red) boiling flow. The value LO from our estimation
algorithm is indicated by the vertical dashed green line.

8 Appendix A: Results from Measured Data Across Different
Outer Scale Values

Here, we investigate values of L other than our default choice of I:o equal to the aperture size,

which is the assumed upper bound of the possible size of turbulent eddies that influence TTP-

removed phase screen data.>®' Figure 13 shows the TPS and structure function NRMSE as a
function of L, for both data sets and for both isotropic and anisotropic boiling flow. These results

indicate that the best TPS fit occurs for L values close to our estimate I:O. However, values of L

that are smaller than our estimate f,o give a better structure function fit. This indicates a trade-off
between fitting the spatial and temporal correlations from measured data when varying L, while

justifying our choice of f,o as a reasonable default.

9 Appendix B: Bound for T, in the Flow Velocity Estimation
Algorithm

In this section, we derive the lower bound for the peak cross-correlation estimate IA?,/,(f); T)
enforced for each time lag 7 in the flow velocity estimation algorithm in Sec. 3.4:

L 152

Ry(n;T) 2 ——. 17

g1 T) N (17)

We show that, if this bound holds, then the SNR of the estimate I%r(f); T) is at least 10, with 50
confidence. Requiring that this SNR is at least 10 significantly reduces the probability that the
flow velocity estimate ¥(T') is obscured by boiling. Enforcing this bound for each time lag 7 is
equivalent to setting

Tiax < max{T:IAQ,/(fz; T) > L-1\5,;/_§T} (18)
in the flow velocity estimation algorithm.
Note that, for n > T, Eq. (3) has an image space representation:

i) =a’ ! _p(i—Tve) + V1 —a? ZafB,; (i — e, (19)

Here, ¢;, denotes the mean-subtracted ¢, divided by its standard deviation, B;, denotes the cor-
responding (normalized) image-space boiling component [Eq. (1)], and v&' is the ground-truth
flow velocity. Note that, although the components of i — tv& may not be integers, these positions
are still well-defined given the spatial grid spacing A. Given the assumptions of boiling flow
and the effect of TTP removal, it follows that both ¢, and B, follow a zero-mean, wide-sense
stationary multivariate Gaussian distribution (assuming the effect of tip/tilt removal on the
distribution of each object is minimal), where each component has unit variance. Further,
B;, is independent of ¢, for all m > n.

We compute the SNR for an input v and time lag T, which we denote SNR (v, T'), as the ratio

between the mean and standard deviation of the estimate IAQ(/)/(V; T) of Eq. (8). We compute this
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estimate using an average over the time series and over the pixel pairs in the aperture, so the mean
of this estimate uy(v; T) is equal to R, (v; T). We use Eq. (19), the assumed statistical properties
of ¢, and B,, and an additional assumption that ¢, _,(i — Tv)¢; (i) and ¢, _, (i — Tv)¢,,(i) are
independent for n # m to derive an upper bound for the variance of this estimate:

A

Var[Ry (v;T)] <

Ny = 7 Varlgu(i)d, (i —v)] (20)

1
=——(1+R2,(»;T)). 21
oo (LR )) @
Here, N7 is the number of time-steps of training data. Importantly, this upper bound applies for
all inputs v.

Defining o3(v; T) = Var[f?¢r(v; T)], we may then derive a lower bound for SNR (v, T):

Hg(v:T)

SNR(v,T) = oo T)

(22)

Ry (viT)
>Ny —Tx——2"2"2 (23)
1+R;, (v T)

As Ry/(v;T) <1 for all v,

2
o7 T) < \/]% 24)
SNR(v,T) > /Ny — T x L\/v;) (25)

Thus, if

10v2
Ry(nT) > s,
v 1) 2 o=

then the SNR of the estimate R¢/(v; T) is at least 10.
We wish to enforce SNR(¥, T) > 10 for each T. That is, we require only that the peak cross-

(26)

correlation estimate IAQ(/)«(IA:; T) has an SNR of at least 10. To accomplish this, we enforce the
bound [Eq. (26)] for v =¥ at each T. As we do not have access to the value of R¢r(v; T),

we substitute our estimate IA?¢/(13; T) into the LHS of [Eq. (26)] with 5o confidence:

Ry (h:T) £ 504(9:T) > 102 (27)

=

~

Given the bound on the standard deviation [Eq. (24)], we may conclude that if [Eq. (17)] holds,
then [Eq. (26)] holds for v = ¥ with 56 confidence.

10 Appendix C: Pre-Processing Measured Data Sets

We applied FIR filters to the measured data sets FO6 and F12 before applying our parameter
estimation algorithm. We used both notch filters and band-stop filters to remove low-frequency
peaks in the TPS of each data set.

The notch filters use a modulated Hamming window to reduce the TPS value at a given
frequency f, [Hz] by a factor r € (0,1). To construct a notch filter, we first generate a

Hamming window #, of length Ny, and compute g, = h, * cos (2 ﬂ%n), where f,; [Hz] is
the temporal sampling frequency of the data set (listed in Table 2). We then normalize g, by
its frequency response at f:

g — Gn
n 7 .
Gy COS (2#72111)

(28)

Nyy—1
m=0

Given a ratio r € (0, 1), we use the impulse response &, — (1 — 1/r)g, for the notch FIR filter.
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Table 7 F06 pre-processing parameters.

Filter type Ny f, fo r

Band-stop 2001 350 850 0.81
Notch 1029 N/A 683.59 0.81
Notch 2049 N/A 976.56 0.81

Table 8 F12 pre-processing parameters.

Filter type Ny f, fo r
Band-stop 2001 300 1000 0.81
Notch 2049 N/A 900 0.95

Similarly, the band-stop filters use a modulated sinc function to reduce the TPS values in
a frequency range f € (f,,f») [Hz] by a factor of r € (0,1). To construct this filter, we
first identify the center frequency fo =3 (fi+f2) and frequency range f, =3 (f>—f1)
and then generate a scaled sinc function g, = 2f,sinc(2zf,n) of length Ny,. Next, we apply
a Hamming window £, of the same length to obtain g, = h,g, and modulate the windowed

sinc function via b, = g, * cos (27r%n). Again, we normalize the modulated sinc func-

tion via

b, = b , (29)

S Vel p,, cos (27#3 m)

Finally, we compute 5, — (1 — /7)b,,, the impulse response of the band-stop filter.

Tables 7 and 8 list the parameters of each filter applied to FO6 and F12, respectively. The
filter length Ny, determines the bandwidth of the notch filter and the frequency resolution of
both filters.

11 Appendix D: Pre-Multiplied Flow TPS Plots as a Function
of Strouhal Number

In this section, we show the pre-multiplied flow TPS as a function of the Strouhal number St for
both measured data sets. The Strouhal number is a unitless quantity given by

fxs

Sty =
é U,

. (30)

where f is the temporal frequency in Hz, 6* is the boundary layer thickness in meters, and U, is
the convective velocity in meters per second. For both measured data sets FO6 and F12, we used
58" = 15.6 mm, as estimated in Refs. 7,65. We computed U, = 0, Af, using the flow velocity
estimates v, from Table 3 and pixel spacing A and sampling frequency f, from Table 2; this
resulted in values U, = 172.37 for FO6 and U, = 160.26 for F12.

Figure 14 shows the pre-multiplied flow TPS results as a function of the Strouhal number
Sts for both measured data sets FO6 and F12 and for both isotropic and anisotropic boiling
flow. The y-axis of each plot shows the flow TPS multiplied by the Strouhal number input,
Sts x Sy (Sts). Further, in these plots, we include pre-multiplied flow TPS values up to
Sts = 3 for FO6 and up to Sts = 2 for F12; we exclude the highest frequencies since the measured
data sets appeared to be aliased. These results illustrate a similar fit to the flow TPS as the results
in Figs. 9- 11.
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Fig. 14 Comparisons of the pre-multiplied flow temporal power spectrum (TPS) as a function of
Strouhal number St; obtained from measured data (green) and from boiling flow data using esti-
mated parameters (red). Left: data set FO6. Right: data set F12. Results include both isotropic
boiling flow (left) and anisotropic boiling flow (right).
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